We develop an Eulerian-Lagrangian iterative solution technique for accurate and efficient numerical simulation of single-phase compositional flow through three-dimensional compressible porous media in the presence of multiple injection and production wells. In the numerical simulator, an Eulerian-Lagrangian method is used to solve the convectiondiffusion transport equations and a mixed finite element method is used to solve the pressure equation. Numerical experiments are presented to investigate the performance of the method. Moreover, because of the Lagrangian nature of the algorithm, the simulator is capable of using large time steps and coarse spatial grids to generate accurate and stable results.
Introduction
Accurate prediction of the response of a subsurface reservoir system to various enhanced recovery techniques necessitates good numerical implementation of the mathematical models for the subsurface flow processes through porous media. These mathematical models are strongly coupled, nonlinear systems of time-dependent convection-diffusion transport partial differential equations (PDEs) for the composition of the fluid mixture and parabolic PDEs for pressure, as well as constraining equations [1, 2] . These systems admit solutions characterized by moving steep fronts, minimal regularity, and complicated three-dimensional structures. In part, this is due to the heterogeneity of the porous media, the nonlinearity and couplings between the equations in the system, the compressibility of the fluid mixture and that of the medium, the strong effects of singular source and sink terms, and the enormous size of field-scale application.
Classical centered finite difference or finite element methods often generate numerical solutions plagued with nonphysical oscillations. Upstream weighting techniques are widely used in industrial applications to stabilize the numerical approximations to these systems in large-scale simulators, but they tend to produce numerical solutions with excessive numerical diffusion, which smears out the moving steep fronts of the solutions and to generate serious spurious grid orientation effects [1, 3, 4] .
Eulerian-Lagrangian methods [4, 5, 6, 7] , on the other hand, approach the mass balance equations of the fluid compositions in a different manner. These methods combine the convection term with the capacity term in each of these equations and carry out the temporal discretization through a characteristic tracking. Such treatment, symmetrizes the transport equations and yields sparse systems which are symmetric and positive definite. Moreover, the majority of the temporal error in the formulation, which most Eulerian methods attempt to reduce by specialized techniques, is cancelled out in Eulerian-Lagrangian formulations naturally by the spatial error due to the advection terms. Thus, Eulerian-Lagrangian methods generate accurate numerical solutions even if large time steps and coarse spatial grids are used, and are very competitive with many numerical methods [8, 9] . Furthermore, they eliminate the excessive numerical diffusion present in upstream-weighted, large-scale numerical simulators in industrial production. Nevertheless, the significant reduction of the numerical diffusion in Eulerian-Lagrangian methods could potentially cause extra numerical difficulties, which were subdued by the numerical diffusion present in upstream-weighting based simulators. Additional numerical difficulties also occur due to the application of Lagrangian coordinates [5, 10] .
We previously developed an Eulerian-Lagrangian method for incompressible and compressible flow in two dimensional porous media with singular point sources and sinks [11, 12] . Computational experiments show that the simulator can accurately simulate subsurface flow in porous media even if large time steps and spatial grids are used. In this paper we develop an Eulerian-Lagrangian method for single-phase compositional flow through three dimensional porous media with multiple injection and production wells. Numerical experiments are presented which illustrate the strong potential of the method for such problems.
Mathematical Model
We consider an isothermal, fully miscible, single-phase compositional fluid flow process of n c chemical components in a three-dimensional porous medium reservoir with multiple injection and production wells.
Governing mass balance equations
Let p and u = (u 1 , u 2 , u 3 ) T be the pressure and the Darcy velocity of a fluid mixture. Let c i (i = 1, 2, ...n c ) be the mole fraction of component i in the fluid mixture and ρ = ρ(c 1 , ..., c nc , p) be the molar density of the fluid mixture. A mathematical model for describing such a process can be expressed as follows [1, 2] 
(2.1)
Here Ω ⊂ R 3 is the physical domain; φ is the porosity of the medium; g is the vector due to gravity; µ is the viscosity of the fluid mixture; K is the permeability tensor of the medium, and q(x, t) is the volumetric flow rate per unit bulk volume injected into or produced from wells. c i is the prescribed mole fraction of component i in the injected fluid mixture at injection wells, andc i = c i is the mole fraction of component i of the resident fluid at production wells. Consequently,ρ = ρ(c 1 , ...c nc , p) is determined at injection wells (refer to Eq. (2.6)), andρ = ρ at production wells.ρ is the mass density of the fluid mixture, which is related to the molar density ρ by the relationρ
Here MW i is the molecular weight of component i. D(u) is the diffusion-dispersion tensor.
Empirical correlation of porous medium properties
The diffusion-dispersion tensor D(u) consists of molecular diffusion characterized by d m and anisotropic velocity-dependent mechanical dispersion characterized by the longitudinal dispersivity d l and the transverse dispersivity d t [1, 2, 13 ]
where I is the identity tensor, |u| is the Euclidean norm of u, and
is the projection matrix. Depending on the type of the medium of the reservoir and the large pressure changes in subsurface fluid flow processes, the porous medium can deform. A simple constitutive relation is often used to model the deformation of φ [2] φ(x, p) = φ r (x) exp(c φ (x)(p − p r )), (2.5) where φ r (x) is the reference porosity of the medium at the reference pressure p r and c φ is the compressibility factor of the porous medium.
Equation of state
In a compositional fluid flow process, the molar density and viscosity of the fluid mixture could vary with the pressure and the composition of the fluid mixture. The real gas law
is often used to describe the relationship between density, pressure, and temperature of the fluid mixture, where R is the universal gas constant and T is the temperature. The compressibility factor Z = Z(c 1 , . . . , c nc , p) of the fluid mixture is computed by the Peng-Robinson equation
which has been widely used in the analysis of hydrocarbon fluids over large ranges of temperature, pressure, and the composition of the fluid mixture. In Eq. (2.7), the dimensionless coefficients A and B are defined by 
Here ω i is the acentric factor, which heuristically accounts for the acentricity or nonsphericity of a molecule of component i, and κ ij is the binary interaction coefficient between components i and j. With the compressibility factor Z and the pressure p, one can compute the density ρ of the fluid mixture. The viscosity µ = µ(c 1 , . . . , c nc , p) of the fluid mixture can be computed by the Lohrenz-Bray-Clark correlation [17] .
Boundary and initial conditions
Appropriate initial and boundary conditions are need to close the system. In petroleum reservoir simulation, the boundary ∂Ω is typically impermeable [18] , leading to noflow boundary conditions of the form
Here ν is the unit outward normal to the boundary ∂Ω. Finally, the following initial distributions for the pressure and phase compositions are prescribed to close the system
In summary, the mathematical model for describing compositional flow leads to a coupled system of transient nonlinear partial differential equations and constraining equations. The system is characterized by relatively small diffusion-dispersion compared to convection and so is of convection-diffusion type. Additional difficulties include the strong effect of sources and sinks, the compressibility of the fluid mixture, the heterogeneity and the compressibility of the porous media, the interaction between the fluid mixture and the porous media, and the anisotropic dispersion in tensor form. Finally, further difficulties in the context of threedimensional subsurface flow modeling include the gravitational effect and the enormous size of field-scale application and the often required long period of prediction. Consequently, the mathematical model admits solutions with moving steep fronts and complex structures, and presents serious mathematical and numerical challenges.
An Eulerian-Lagrangian-MFEM Time-Stepping Procedure
In this section we develop an Eulerian-Lagrangian solution technique for the system (2.1)-(2.11). In the solution procedure, we use an Eulerian-Lagrangian method to solve the convectiondiffusion mass balance transport PDEs for the phase composition c i , a mixed finite element method to solve the pressure system for the pressure p and the Darcy velocity u simultaneously, and a sequential time-marching algorithm to decouple the system.
An Eulerian-Lagrangian weak formulation for the transport PDEs
In this section we present an Eulerian-Lagrangian method for the convection-diffusion PDEs in (2.1) under the assumption that the pressure p and the Darcy velocity u are known. Let H 1 (Ω) be the Sobolev space that consists of all the functions which are Lebesgue square integrable and have square integrable weak derivatives on the spatial domain Ω. We define a temporal
with time steps ∆t n = t n − t n−1 (n = 1, 2, . . . , n t ) for a given positive integer n t .
To derive an Eulerian-Lagrangian weak formulation, we choose the test functions z(x, t) from the Sobolev space H 1 (Ω) for each time t ∈ (t n−1 , t n ]. The test functions z(x, t) are continuous in time except at time t n−1 , at which z(x, t) is continuous from the left and has right limit with respect to time t. We multiply each transport equation in (2.1) by such space-time test functions z(x, t), integrate the resulting equation on strip Ω × (t n−1 , t n ], and incorporate the no flow boundary conditions (2.10) to obtain a space-time weak formulation
where z(x, t
z(x, t) takes into account for the fact that z(x, t) might be discontinuous at time t n−1 .
In order to reflect the advective nature of the transport equation, we use the idea of the Eulerian-Lagrangian localized adjoint method [5, 9] to define the test functions z(y, θ) to satisfy the homogeneous hyperbolic equations, given by the hyperbolic part of the adjoint equations [9] φ ∂z ∂θ
If we let y = r(θ; x, t n ) be the characteristic curve defined by the initial-value problem of the differential equations
This equation shows that once they are defined in Ω at time step t n , the test functions z(x, t) are completely determined in the space-time domain Ω × (t n−1 , t n ] by a constant extension along the characteristic curves. The noflow boundary condition in (2.10) for the flow equation
We use a first-order Euler approximation along the characteristic curve to expand the source and sink term and the diffusion-dispersion term in Eq. (3.13) to obtain
Here E q (c i , z) and E D (c i , z) are the local truncation error terms due to the use of the Euler quadrature.
Incorporating Eq. (3.17) into the weak form (3.13), we obtain an Eulerian-Lagrangian reference equation for the transport equations in (2.1) 
A mixed finite element method for the pressure equation
In this subsection we present a mixed finite element method for the solution of the pressure equation system in (2.1), which is closed by the boundary condition in (2.10) for the flow and the initial condition in (2.11) for the pressure. Let L 2 (Ω) be the space of all Lebesgue square integrable functions on Ω and
We introduce the mass flow rate σ = ρu and rewrite the Darcy's law in the form
Using the real gas law (2.6) and the correlation (2.5), we rewrite the mass conservation equation of the fluid mixture in the model (2.1) as follows 20) with S p and S c i being defined by
We multiply Eq. (3.19) by test function v(x) ∈ H 0 (div; Ω), integrate the resulting equation over Ω, and then apply the divergence theorem to the second term on the left-hand side of the equation. We multiply Eq. (3.20) by test function w(x) ∈ L 2 (Ω) and integrate the resulting equation over the domain Ω. These lead to the following saddle-point formulation: 22) with the initial value p(
(Ω) be the mixed finite element spaces which satisfy the inf-sup condition [19, 20] . With a known phase composition c h 1 (x, t n ), . . . , c h n c (x, t n ) at time step t n , a mixed finite element scheme can be formulated as follows:
with p(x, 0) ∈ S p (Ω) being an approximation to p 0 (x).
An Eulerian-Lagrangian-MFEM sequential time-stepping procedure
Let S h (Ω) ⊂ H 1 (Ω) be a conforming finite element space. Based on the Eulerian-Lagrangian reference equation ( 
In Eq. (3.24), the pressure p h (x, 0) can be determined only up to an arbitrary constant. To uniquely determine the pressure p h (x, 0) while maintaining the conservation of mass, we impose the condition
A Sequential Iterative Time-Stepping Procedure:
for n = 1, 2, . . . , n t do B1 At time step t n , define the initial guess c h
n ) by an extrapolation or projection of c h 1 (x, t n−1 ), . . . , c h n c (x, t n−1 ) and p h (x, t n−1 ), which are already obtained from the solution at the previous time step t n−1 .
B2
At the iterative step l ≥ 1 at time step t n , use the known fluid composition c h 1 (x, t
) and the pressure p h (x, t (l−1) n ) that are obtained from the solution at the previous iterative step -to compute the fluid viscosity µ(x, t 
-to compute the molar density ρ(x, t (l) n ) of the fluid mixture by the real gas law (2.6), -to compute the mass densityρ(x, t (l) 
with E(u) being the projection matrix defined in Eq. (2.4). 
Remark 3.2 The evaluation of the test function z(x, t

Numerical Experiments
In this section we conduct numerical simulation of single-phase compositional fluid flow and transport processes through a three-dimensional reservoir to observe the performance of the proposed Eulerian-Lagrangian-MFEM iterative solution technique.
Data and implementational issues
The numerical example runs simulate single-phase compositional fluid flow processes of a light hydrocarbon component methane (CH 4 ), a medium hydrocarbon component propane (C 3 H 8 ), and a heavier hydrocarbon component n-Hexane (C 6 H 14 ) through a three-dimensional porous medium reservoir surrounded by impermeable media. The critical data used in the PengRobinson equation (2.7) for Methane, Propane, and n-Hexane is in To gain a better understanding on the size of the time step used, in addition to the time step in a dimensional form we also convert the time step into a dimensionless form, i.e., the pore volume injected (PVI). This is defined to be the ratio of the volume of fluid injected during one time step over the entire void space in the reservoir. We also need to discuss the source and sink term in the mathematical model (2.1). Note that in Eq. (2.1) the source and sink term q represents the volumetric flow rate per unit bulk volume and has a dimension of time −1 . For convenience, in numerical simulations we often specify the volumetric flow rate Q that has a dimension of length 3 × time −1 .
Compared with the incompressible or compressible flow in a two-dimensional horizontal reservoir [4, 11, 12] , the numerical simulation of three-dimensional porous medium flow of multiple components has additional salient features. These include significant gravitational impact, more complex solution structures, and significantly larger and more complex discrete systems. For example, a constant initial pressure and a constant initial phase composition are often prescribed in the numerical modeling of a two-dimensional flow in a horizontal reservoir [4, 11, 12] . However, such a prescription might not be valid in the numerical simulation of a three-dimensional porous medium flow since the prescribed pressure and phase composition of the fluid mixture (consisting of different components with different molecular weights) might not be in an equilibrium state due to the gravitational effect. Hence, the initial data needs to be preprocessed to make sure an equilibrium state is reached.
Flow and transport in three-dimensional homogeneous medium
In this set of numerical experiments, the porous medium reservoir is Ω = (0, 1000)×(0, 1000)× (0, 24) ft 3 and the simulation time period [0, t f ] is fifteen years. We apply a uniform coarse spatial grid of ∆x = ∆y = 40 ft and ∆z = 4 ft that generates 3750 computational cells. We use a large time step of ∆t = 1 year. We understand that a simulation on a nonuniform partition with finer cells around wells could generate more accurate solutions, and the numerical model has this capability.
The injection well is given as a line source that is located at the center of the corner block x = 980ft, y = 980ft, and 0 ≤ z ≤ 24ft. The injected volumetric flow rate is Q = 720 ft 3 /day that leads to a PVI of 0.11. In other words, the injected fluid will fill the entire reservoir in less than 10 time steps. The production well is located at x = 20ft, y = 20ft, and 0 ≤ z ≤ 24ft with a volumetric production rate of Q = 720 ft 3 /day. This is a three-dimensional version of the standard a quarter of five-spot pattern in two-dimensional displacement processes.
The reference pressure p r = 1 atm = 14.696 psi; the deformation of the porous medium is modeled by Eq. Fluid flow and transport in vapor phase. The reservoir temperature is 400K; the initial pressure is 2000psi; the initial resident fluid consists of 75% of Methane, 15% of Propane, and 10% of n-Hexane; and the injected fluid consists of 85% of Methane, 10% of Propane, and 5% of n-Hexane. Thermodynamic flash calculation [21, 22] shows that the fluid mixture flows in vapor phase. We present volume slice plots in Figure 1 and isosurface plots in Figure 3 of these example runs at the two time steps of 5 and 15 years from start of simulation. Since the plots for the fluid composition of Propane C 3 H 8 are similar to those for the composition of n-Hexane C 6 H 14 , we only present in these -and all other -figures the plots generated for the fluid composition of the two components methane CH 4 and n-Hexane C 6 H 14 in order to make the presentation more compact. From these results we observe that the Eulerian-Lagrangian-MFEM iterative solution technique generates robust, stable, and physically reasonable numerical solutions without introducing any nonphysical oscillation or excessive numerical diffusion in the numerical simulation of three-dimensional single-phase compositional flow, even if large time steps and coarse spatial grids are used.
Fluid flow and transport in liquid phase. In this example run, the reservoir temperature is 350K; the initial pressure is 2300psi; the initial resident fluid consists of 10% of Methane, 20% of Propane, and 70 % of n-Hexane; and the injected fluid consists of 55% of Methane, 14% of Propane, and 31% of n-Hexane. Thermodynamic flash calculation shows that the fluid mixture flows in liquid phase. We present the slice plots and the isosurface plots of these example runs at times 5 and 15 years in Figures 2 and 4 , respectively. Similar performance of the simulator is observed, except with a much clearer impact of gravity. This is understandable since the fluid is much heavier in this case.
Flow and transport in three-dimensional heterogeneous medium with multiple wells
In this set of numerical experiments, the porous medium reservoir is Ω = (0, 1000)×(0, 1000)× (0, 24) ft 3 and the simulation time period [0, t f ] is fifteen years. The injection well is given as a line source that is located at x = 820ft, y = 500ft, and 0 ≤ z ≤ 24ft. The injected volumetric flow rate is Q = 720 ft 3 /day that leads to a PVI of 0.11. Four production wells are located at x = 20ft, y = 20ft, and 0 ≤ z ≤ 24ft; at x = 980ft, y = 20ft, and 0 ≤ z ≤ 24ft; at x = 980ft, y = 980ft, and 0 ≤ z ≤ 24ft; and at x = 20ft, y = 980ft, and 0 ≤ z ≤ 24ft, respectively. Each of the production well has a volumetric production rate of Q/4 = 180 ft 3 /day. The reference pressure p r = 1 atm = 14.696 psi; the deformation of the porous medium is modeled by Eq. We apply the same uniform coarse spatial grid of ∆x = ∆y = 40 ft and ∆z = 4 ft as in the previous subsection that generates 3750 computational cells. We use a large time step of ∆t = 1 year.
Fluid flow and transport in vapor phase. The temperature, the initial pressure, and the composition of the resident fluid and the injected fluid are the same as those in the previous experiment. We present the volume slice plots and the isosurface plots of these example runs, at the two time steps of 5 and 15 years, in Figures 5 and 7 .
Fluid flow and transport in liquid phase. We adopt the same reservoir condition as in the previous experiment in liquid phase. We present the volume slice plots and the isosurface plots of these example runs, at the same time steps of 5 and 15 years of the simulation, in Figures 6  and 8 . We notice that the Eulerian-Lagrangian-MFEM iterative solution technique provides robust and accurate solutions which capture the more pronounced impact of gravity which is due to the heavier fluid, on this domain, complicated by the presence of the impermeable region.
Conclusions
In this paper we develop an Eulerian-Lagrangian-MFEM iterative solution technique for singlephase compositional flow of multiple components through a three-dimensional compressible porous medium with multiple injection and production wells. The mathematical model leads to a strongly coupled, nonlinear system of time-dependent convection-diffusion partial differential equations for the composition of the fluid mixture and a nonlinear parabolic equation for the pressure along with a set of nonlinear constraining equations. This system presents serious mathematical and numerical difficulties. The numerical solution technique developed in this paper symmetrizes the convection-diffusion equations and significantly reduces the overall truncation errors and the excessive numerical diffusion that often occur in upstream-weighted, large-scale numerical simulators used in industrial production. Numerical experiments are carried out to study the performance of the numerical solution technique and to show the strong potential of the method.
In a more complex and more general situation, the mathematical model is even more complicated. Depending on the specific components involved in a fluid flow process and the phase composition, the pressure, and the temperature of the fluid mixture, the fluid flow process of multiple components could flow in different, coexisting phases [1, 2] . Because there exists mass transfer of each component among different phases, mass of each component within a particular phase is no longer conserved. In other words, the mathematical model (2.1) for single-phase compositional flow does not hold any more in this more general scenario. In the context of this more general situation, the total mass of each component among all the phases must be conserved. This leads to the following system of partial differential equations
Here the variables are defined in a similar way to those defined in the system (2.1), except that they are now defined in terms of each phase. The new variables include the saturation s α which is the volume fraction of phase α over the volume of the fluid mixture. k rα is the relative permeability of phase α. The equations of state in section 2 are still true but they are for each individual phase α in the current context. 
